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Abstract The aim of this paper is to apply direct methods to the study of integrals that
appear naturally in Statistical Mechanics and Euclidean Field Theory. We provide weighted
estimates leading to the exponential decay of the two-point correlation functions for certain
classical convex unbounded models. The methods involve the study of the solutions of the
Witten Laplacian equations associated with the Hamiltonian of the system.
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1 Introduction

In this paper, we study partial differential equation techniques for problems coming from
equilibrium Statistical Mechanics and Euclidean Field theory. In the context of classical
equilibrium Statistical Mechanics, one is interested in a natural mathematical description of
an equilibrium state of a physical system which consists of a very large number of interacting
components.

We shall consider systems where each component is located at a site i of a crystal lattice
A C 74, and is described by a continuous real parameter x; € R. A particular configuration
of the total system will be characterized by an element x = (x;);ca of the product space
Q =RA. This set  is called the configuration space or phase space.

We shall denote by ® = ®* the Hamiltonian which assigns to each configuration
x € RA a potential energy ®(x). The probability measure that describes the equilibrium
of the system is then given by the Gibbs measure

dp™(x) = Zj\le_q)(x)dx.

Z > 0 is a normalization constant.
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For any finite domain A of Z¢, we shall consider a Hamiltonian ® of the phase space R?,
satisfying conditions that will guarantee the solvability of the corresponding Witten Lapla-
cian equations which we will introduce below. Namely:

1. limpy o0 VO (x)] = 00.

2. For some M, any 3%® with |a| = M is bounded on R%.

3. For |a| > 1, [3%®(x)| < Co (1 4+ VD (x)]?)!/? for some C, > 0.
4. Hess® > § forsome 0 <6 < 1.

Here and in what follows, o = (¢;);en € Z'f' shall denote a multiindex. We set || =
Sintial=ay!---a,l If = (Bi)iea € Z" and B; < a; for all j € A, then we write
B<a Fora, Be Z‘f‘ such that 8 < o, we put (g) = ﬂ’@st—lﬂ)l If @ = ())ien € Z'f‘ and
x € R* we write x¥ = [;., x*, and 8% = 91 /dx;" - -- 3% /dx%m where m = |A|. Finally,

if i and j are two nearest neighbor sites in Z¢ we write i ~ j.

Definition 1 The lattice support, S, of a function g on R* is defined here to be the smallest
subset I' of A C Z¢ for which g can be written as function of x; alone with [ € I". For
instance, if g = x;, S, = {i}.

If g and h are suitable functions on R with lattice support S,, S, C A respectively, we
shall study the behavior of the covariance

cov(g, h) = ((g = (&)a)(h — (h)a))a

as d(Sg, Sp) — oo. Here (-)4 is the ensemble average with respect to the Gibbs measure
lee“b/\dx, and d(-, -) is the usual distance in Z¢.
In particular, if g = x; and h = x;, we obtain the two-point correlation function

Cor (i, j) = (6 = (x:)A) (x; = (x;)a)) a-

This measures the correlation between local spin deviations occurring at the i-th and j-th
sites.

The exponential decay of Cor” (i, j) with respect to d(i, j) was proved by Helffer and
Sjostrand [7] in the one dimensional case (d = 1) for models whose Hamiltonians are of the
form

2
M (x) = % +W() xeR",
with @ satisfying hypotheses 1-4 above. They indeed proved the following theorem.

Theorem 1 (Helffer-Sjostrand [7]) Let

2
q)=d>('”)(x)=%+\lf(x) (1.1)
satisfy
VY| <Cq, VYaelZl, (1.2)
where o = (aq, ..., o) is a multiindex, and
Hess ®(x) > 6§, forsome(O <4 < 1. (1.3)
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If in addition
||Hessq)(x)||g(ezo) <C, (L.4)

(where all the constants are independent of the size of the lattice ring if nothing else is
indicated) for all p on 7/ mZ satisfying

i+ 1
e < Pl + ) <eé, forsomex >0,
p@)

and
||[Hess ®(x) — I||£([ZO) <5<l (1.5)

where £7° is the weighted £>°-space defined by the norm
i = max|p()x; . (1.6)
then

|Cor™ (i, j)| < Coe™ stz mzlio) (17

forall m, e > 0 and all pairs (i, j).

The proof of this theorem strongly relies on the one dimensional situation. The abstract
result in [7] was then illustrated by a mean field model introduced by Kac [9] whose Hamil-
tonian is given by

2 m
d)(x):%—szcosh |:\/§(x,-+x,-+1)j| (1.8)
i=1

with the convention x,,,1 = x1.
In this paper, we propose to extend the result of Theorem 1 to higher dimensions (d > 1)
without introducing the technical assumptions

[[Hess @ (x)ll gy = C

and
||HeSS qD(x) _I”L(l/o;o) < § < 1.

We shall prove the following proposition.
Proposition 1 (The main result) Let A be a subset of Z¢ (d > 1). If
X2
O =0W(x) = S W) x=(ien € RA

satisfies

Hess®(x) >§ forsome0 <6 <1, (1.9)
19°VW¥| < C,, Vaezl (1.10)
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for some Cy > 0 where a = (a1, ..., oa)), and if there exists 8y € (0, 1) such that
(a, M~ "Hess ®(x)Ma) > $pa> Vx € R*,Va e R* (1.11)
where M is the diagonal matrix

—kd (.S,
M = (5ije Kda g))i,jeA
for some «k > 0, then for any smooth functions g and h satisfying (1.10) on RS, and RS
with S, N S, = @ (S, and S), denote respectively the support of g and h as defined above),
we have

lcov(g, h)| < Ce™¥4Ge:Sw (1.12)

where C and k are positive constants that do not depend on A, but possibly dependent on
the size of the supports of g and h.

Remark 1 The proof of this proposition is based on a weighted estimate of the solution of
the elliptic system

L2(uh)’

—Af+VP-Vf=g—(g)
(f)LZ(;u\) =0.

We shall use the fact that the solution f satisfies 0*V f(x) — O as |x| — oo Y € ZLA'. This
argument on the asymptotic behavior of f will be proved only in the case where ®(x) =
% + W(x) together with the assumption that both ¥ and g are compactly supported. The
estimate will then be obtained in the general case by means of a family of cut-off functions.

The result of this proposition will be illustrated by the d-dimensional nearest neighbor
Kac model, where the potential is given by

2
P(x) = % -2 Z Incosh |:\/§ (x,- +x_,~):| . x=(X)ien €RY,

Ljeni~]

for 8 > 0 smaller than some value §, to be determined.

This result may also be viewed as an extension of some previous work of Sjostrand-
Bach-Jecko [3], Bach-Moller [2] and Antoniouk-Antoniouk [1]. On the exponential decay
of the two-point correlations functions to a larger class of unbounded convex models whose
Hamiltonian are of the form

2
®(x) = % F ().

As mentioned in [1], the study of the exponential decay of correlations is rather com-
plicated in the cases of unbounded models because of the difficulties one might have to
apply Dobrushin uniqueness technique. Many results in this direction were obtained in the
case that the interaction potentials are quadratic. Antoniouk and Antoniouk [1] treated the
problem of the exponential decay of correlations in the case of nonquadratic polynomial
interactions with Hamiltonians of the type

H(x)= Z(l +xH 4 Z bi_ i (x; —x;)2,

iezd i,jezd
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Their methods are mainly based on Brascamp-Lieb inequality [5].

New methods have been recently developed for the study of the decay of correlations
through the analysis of Witten Laplacians on one forms [2, 3] and [8]. In [3], the authors
studied the exponential decay of correlations for models of the form

Hy() =Y fO)+n Y e Dwy(x, x;)

ieA i,jeA

where d(-) is a distance function and f and w;; are C 2 functions. (See [3] for more details.)
In [2], Bach and Moller improved the results in [3] by studying models of the type

HA(x) = Zf(x,) + A Z w,‘j(X[,Xj).

ieA i,jeA

These authors treated the problem with several technical assumptions on Hamiltonians that
are restricted only to two body interactions. In this paper, we consider a more restrictive one
particle phase, but a more general many body potential. However, we believe that our result
may be generalized to a wider class of Hamiltonians that are not necessarily of Kac type.
Asin [3, 7] and [2], our method is generally based on the analysis of suitable differential

operators
IV®)? Ad
wO—(_A _ 5%
® t 2
and
W A VO Ad
o =—A+ 1 —T—i—Hessq).

These are in some sense deformations of the standard Laplace Beltrami operator. These
operators, commonly called Witten Laplacians, were first introduced by Edward Witten [14]
in 1982 in the context of Morse theory for the study of topological invariants of compact
Riemannian manifolds. In 1994, Bernard Helffer and Johannes Sjostrand [7] introduced two
elliptic differential operators.

AY =—A+VD.V
and
AY ;= —A 4 V& .V + Hess ©.

These operators provide direct methods for the study of integrals in high dimensions of
the type that appear in Statistical Mechanics and Euclidean Field Theory. In 1996, J. Sjos-
trand [12] observed that these so called Helffer-Sjostrand operators are in fact equivalent to
Witten’s Laplacians. Indeed,

Wé') — 02 Aé‘,) 0 e (1.13)
and the map
Up: L*(RY) — L*(RY, e~ ®dx),
>
ur—>ezu
is unitary.
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There have been significant advances in the use of these Laplacians to study the ther-
modynamic behavior of quantities related to the Gibbs measure du® = Z;'e"®dx. As a
simple illustration, if one is interested in the study of the mean value (g) 5, where

<mA=/ywA

and
du = Z e ®ndx
for a suitable smooth function g with g(0) =0, one can first solve the equation

Vg=(—A+Vd-V)v+ Hess Dv,

for v, where the operator
—A+Vd.V

acts diagonally on each component of v.

If in addition to the assumptions (1.9), (1.10) on @, g satisfies (1.10) and if we assume
that both g and W are compactly supported, one can see that v is C*° and satisfies 0*v(x) —
0 as |x| — oo (see Corollary 3 below), and that 3;v/ = 8jvi (see Proposition 3.1 in [7]).

Integrating equation

Vg=(—A+Vd.V)v4 Hess Dv,
one sees that v is a solution of the system
g=(g)a+Vv- VO —divv.
If it turns out that O is a critical point of &, then
(g)a = divv(0).

Thus, the study of the thermodynamic properties of the mean value is reduced to estimating
the derivatives of the solution v.

One of the most striking results is an exact formula for the covariance of two functions in
terms of the Witten Laplacian on one forms, leading to sophisticated methods for estimating
the correlation functions. This formula is in some sense a stronger and more flexible version
of the Brascamp-Lieb inequality [5]. The formula may be written as follow:

cov(g, h) = / (AE,P" Ve- Vh) e W gy (1.14)

Recall that the Brascamp-Lieb inequality states that for an arbitrary function g € C'(R*) N

L%(u™), when the given measure du® = e~®dx has a real-valued, strictly convex C2-
potential ® then

Var(g) = cov(g, g) < / ((Hess®) ' Vg - Vg)e *Wdx. (1.15)

This is indeed an immediate consequence of formula (1.14). It only suffices to observe that

AD™ < (Hess ®)~! which follows from the fact that W = (=, + Y2)(3, + %2) is a
positive operator.
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To understand the idea behind formula (1.14), let us recall that ( f) 5 denotes the mean
value of f with respect to the measure du”. The covariance of two functions f and g is
defined by

cov(g, h) =((g = (&) A)(h = (h),)), - (1.16)
If one wants to have an expression of the covariance in the form
cov(g, h) = (Vh - W) 2@n gn.auhy (1.17)

for a suitable vector field w, we get, after observing that Vi = V(h — (h)»), and integrating
by parts:

cov(g. ) = [ (h= (1)) (T® = V) - wae® (118)
This leads to the question of solving the equation
g—(la=(VO—-V) -w (1.19)

Now trying to solve this above equation with w = Vu, we obtain the equation

(1.20)

g—(g)a =AY u,
{(u)a =0.

Assuming for now the existence of a smooth solution, we get by differentiation of this above
equation

Vg=AYVu (1.21)

and the formula is now easy to see.
The proof of the main result is essentially based on the following proposition.

Proposition 2 Let g be a smooth function with lattice support U satisfying
10°Vg| < C, VaeZ!' (1.22)
and & satisfy (1.9)=(1.11). If f is the unique C*°-solution of the equation
—Af+VO-Vf=g—(8)2,
{ (f)LZ(M) =0,
then
D fIne* %) < ¢ vx eR

ieA
where C and k are positive constants. C could possibly depend on the size of the support of
g but does not depend on A and f.

Once this proposition is established, the statement of the main result will follow from
Cauchy-Schwartz inequality. Indeed, using formula (1.14) for the representation of the co-

variance, we have

lcov(g, h)| = ‘<A$>”vg.Vh> ‘
A
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= [(Vf-Vh),|
< f D [ fu e dtS0edESop | dpt (x)

ieA

12 1/2

< / (Z fa (x)ezkd<f=5g>> (Zh; (x)efz’(d("’sg)) dpt (x)

ieA ieSy

172 1/2

< [ / D5 (x)e“d“*sg)dw(x)] [ / DL (x)e*”d“sg)dw(x)}

ieA ieSy

1/2
< fC[ / 2, (X)duA(X)] e 1S,
ieSy,

C is the same as in the statement of Proposition 2.

This paper is organized in seven sections.

In Sect. 2, we give an outline of the operators and equations involved in the Witten
Laplacian method.

In Sect. 3, we discuss preliminary results on Hilbert space methods for elliptic PDE’s.

In Sect. 4, we shall provide a rigorous discussion based on Hilbert space methods for the
solvability of the corresponding Witten Laplacian equations.

In Sect. 5, we illustrate the family of Hamiltonians discussed in Sects. 3 and 4 through
an example of the type introduced by Marc Kac [9]. We shall in fact prove that the solution
v = Vu of (1.21) satisfies

lim 8%v(x)=0 Vo eZ
|x|—o00
if @ is of the form % + W(x) with both ¥ and g compactly supported. This is due to
Helffer-Sjostrand [7]. We shall then use this result in Sect. 6 to establish weighted estimates
leading to the exponential decay of the two-point correlation functions. Propositions 1 and 2
will be proved in this section where the assumptions of compact support on W and g will be
removed by means of cut-off arguments.

In Sect. 7, we shall apply our methods to the d-dimensional nearest neighbor Kac model,

and discuss possible physical implications of our result.

2 The Basic Equation

We shall first establish the solvability of the equation

o, _ o
{Aq,v—g (&), o1

<U>L2(/L) =0

by means of Hilbert space methods. The method consists in determining an appropriate
function space and an operator which is a natural realization of the problem. In this particular
problem, the function spaces to be considered are the Sobolev spaces B% (R*) defined by

By(RY) = {u e L*(R"): Z§,0%u € L*(RMVE + |a| <k},
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where
Vo]
Zo=—. (2.2)
2
a=(ai,...,an) €2 is a multiindex of order o] = ot + - - - + ).

These are subspaces of the well known Sobolev spaces W*2(R*), k € N.

The vital tool in the Hilbert space approach to elliptic boundary value problems is the
celebrated Lax-Milgram theorem. The essence of the method is the interpretation of the
problem as a variational problem involving a bilinear form defined in a natural way by the
problem and acting on the appropriately chosen function spaces.

In general, the Hilbert space method for elliptic differential equations uses the compact
embedding theorem for Sobolev spaces. This is a fundamental step in the method in order to
be able to apply the Fredholm alternative. See [6] or [13]. Since in the context of our problem
we are dealing with unbounded domains, the classical results regarding the compactness of
the embedding

WhP(Q, dx) — LP(S2, dx) (2.3)

for suitable 2 are no longer valid. However, In the case that the L? spaces are taken with
respect to the weighted measure e~ ®dx, with a suitable ®, we have the following result due
to J.-M. Kneib and F. Mignot. See Lemma 5 in [10].

Lemma 1 If ® satisfies the condition
30 € (0,1): ‘Xl‘iinoo (O IVe(x)]* — AdD) =00
then
H'(u*) = L*RY, du™)
is compact.
Here and in the sequel, du? will denote the Gibbs measure

du=27Z."e %dx,

Za :/ e %dx,
RA

and H*(u™) denotes the weighted Sobolev space
HY(u™y={u e L*R", dp™): 8°u € L*(R™, dp™)V | <k}.

Proof We shall prove that every bounded sequence in H'(u™) has a convergent subse-
quence in L2(RA, du™). Let {uy} ¢ H'(u?) = H'(RA, du™) be such that

||Mk||HIIL <+M forevery k and some M > 0.
For any R > 0, denote by B(0, R) the open ball centered at 0 with radius R. It is

clear that H'(RA,du™) c H'(B(0, R),du”). Hence {u;} is a bounded sequence in
H'(B(0, R), du"). Moreover
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f u,%dx—}—/ |Duy| dx
B(0.R) B(O,R)

<Cor |:/ uief‘bdx +/ | Duy | e7¢dxi| .
B(O,R) B(O,R)

This implies that {u;} is a bounded sequence in H'(B(0, R)). Now using the stan-
dard Sobolev compactness embedding theorem for bounded domains with nice boundary
(see [6]), we get the compactness of the embedding

H'(B(0, R)) — L*(B(0, R)).

Therefore, one can find a subsequence {ukj} of {u;} such that uy; converges in L*(B(0, R)).
We shall prove that {uy,} is Cauchy in L*>(R*,du"). Let n > 0. The assumption of the
lemma implies that

C:=|VP?=(1+n)Ad (2.4)

is positive in a neighborhood of oo when § = (1 +n)~!

2 —®
/A |ukj,ukl| e “dx
R

2
C |Mk ; *uk/ I

o I

Ix|<R ixi=r 10fRa\ g r) ¢

g, —ug |?
<Co / g, gy |Pdx + / Sty Ml ey 2.5)
lx|<R =g infray po.r) &

To estimate the last term of the right hand side of this last above inequality, let ¢ > 0 and
choose R large enough so that

(= AMQ2+n+n"YH

inf
RA\B(0,R) &

Now introduce the vector fields
X;=0; (2.6)
and their formal adjoint in L?(yt)
X;f=—8j + @y, 2.7
one has when u € C§° (R*) for their sum and commutator
(X;+ X u=2u (2.8)
and
[X;, X;f]u =Dy u. 2.9
It is then straightforward to see that

(1. X 1) 0 = X502~ s 210

1
(%) + x5 a0 < (1 + ;) [%5ulfn + @ m | Xuli,. ve>0 @1
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so that a linear combination of these formulae gives for any n > 0

(IVO]* = (1 +n)AD)u, u)

P
=@t (IXGulZs + o+ 1 X2 2.12)

Thus,
Cu)n < @40+ 0 ) ) - (2.13)

Because CJ°(R™) is dense in H'(u”), this inequality is valid for all u € H'(u™). Now
applying (2.13) with u replaced by u;_uy,, (2.5) gives

Q40407 g, —ug 1%,
/ ‘ukj_uk,’28_¢dx < C(p/ ‘ukj—ulq’zdx“l‘ j 711 H (ud)
" lsl<R AMQ2+n+n~h

2
< C¢/ |ukj_uk,| dx +e.
|[x|<R

The result follows from the convergence of the subsequence {ukj} in L>(B(0, R)). O

3 Preliminary Results on Hilbert Space Methods for Elliptic PDE

A bilinear form with domain H, a complex Hilbert space, is a complex-valued function a
defined on H x H which is such that a(u, v) is linear in # and conjugate linear in v. The
inner product (-, -)y on H is clearly a bilinear form; we shall denote it by 1(, -). The form
a + Al will simply be denoted by a + A:

(a+ M, v)y=a(u,v)+A(u,v)y.
The adjoint a* of a is defined by
a*(u,v)=a(v,u)
and a is said to be symmetric if a = a*, i.e. forallu,v e H
a*(u,v) =a(v, u) =a(u,v).
A bilinear form is said to be bounded on H x H if there exists a constant M > 0 such that
la(u,v)] < M |ullgllvlly forallu,ve H.

A bilinear form a is said to be coercive on H if there exists a positive constant m > 0 such
that

la(u,u)] > mllul3, forallue H.

We shall say that a Banach space W is continuously embedded in a Banach space X
if there is a bounded operator £ : W — X which is one-to-one. We call E an embedding
operator. We shall say that W is densely embedded in X if R(E), the range of E is dense
in X; and we shall write

W5 X.
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If X is a Banach Space, the set of all linear conjugate functionals on X shall be denoted
by X* and is called the conjugate space of X*.
Suppose X, Y, W, Z are Banach spaces such that

WL X and Y[ 7%

Let a(w, z) be a bounded bilinear form on W x Z. We can define two linear operators
connected with a(w, z). The first which we shall denote by A, is an operator from X to Y.
We say that x € D(A), the domain of A and Ax =y ifx € R(E),y €Y and

a(E7'x,z) = Fy(z), forallze Z.

Since R(F) is dense in Z*, the operator A is well defined. We call A the operator associated
with the bilinear form a(u, v).

The second operator, which we denote by A, is from W to Z*. We define it as follows.
Fix we W, a(w, -) € Z*, it is bounded because the bilinear form a is bounded. We define
Aw to be a(w,-). Ais clearly well defined and will be called the extended linear operator
associated with the bilinear form a(u, v). It can be shown that A and A are related in the
following way:

A=FTAE™".

The fundamental tool to investigate the operator A is the Lax, Milgram Theorem.

Theorem 2 (Lax Milgram) Let a be a bounded coercive form on a Hilbert space Hy with
bounds m and M as above. Then for any F € H{, the adjoint of Hy, there exists a u € Hy
such that

a(u,v)=(F,v) forallve H,.

The map A:u—F defined above is a linear bijection of Hy onto Hj and
melil=M, M <A =m
Proof See [6]. ]
Corollary 1 For any choice of F € H{ there is a unique vector u € Hy satisfying
(u,v)p, = F(v) forallve Hy,
moreover, the isomorphism A™! from H{ onto Hy defined by A'F=uy verifies
[AF ]y = 1F Il

Next, we apply the Lax-Milgram Theorem to the situation where the Hilbert space H is
continuously and densely embedded in another Hilbert space H.

Lemma 2 If H is a Hilbert space and W is a Banach space continuously and densely
embedded in H with embedding operator E, then H can be continuously and densely em-

bedded in W* with embedding operator F satisfying

x,Ew)gy=Fx(w), xe€H,andweW.
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Proof For each x € H, the function x* : w = (x, Ew)y is a conjugate linear functional on
W and

=l < llxllg I EHwllw.

Hence x* € W*. Define the operator F from H to W* by Fx = x*. Clearly, F is linear and
bounded. It is also one-to-one since R(E) is dense in H. Finally, suppose x*(w) = 0 for all
x* € R(F). Then (x, Ew)y =0 for all x € H. Thus Ew = 0 and consequently w = 0. This
shows that R(F) is dense. O

Now let the Hilbert space Hj be continuously and densely embedded into another Hilbert
space H with embedding operator E. By the lemma above, H can be continuously and
densely embedded in Hjj with embedding operator F'. We obtain the scheme

E F *
Hy—, H—, H,

which is referred to by saying that (Hy, H, Hjj) is a Hilbert triplet. Notice also that if the
embedding E is compact, then so is the embedding

FE *
H()‘—) HO'

Returning to the bilinear form on Hj, we weaken the notion of coerciveness as follows: We
say that a bilinear form a(u, v) on Hj is coercive relative to H, if there exists some A > 0
such that a; (1, v) = a(u, v) + A(u, v)y is coercive, i.e.

a(u,u) + A ||u||%1 > ||u||%10 for u € Hy and some oy > 0.

If this last mequahty above holds, then by the Lax-Milgram Theorem, the extended linear

operator A 5 associated with the bilinear form a, (#, v) has a bounded inverse A tHj

Hy, moreover Axu = Au + ABu, where A is the extended operator associated with the

bilinear form a(u, v) and B the extended operator associated with the inner product (u, v)y.
Now let g € H; and consider the equation

~

ueHy, Au=gq 3.1
(3.1) can now be written as
ueHy, u—»rA7'Bu=z (3.2)

with z = A;lq. We now claim that the compactness of the embedding E implies that of the
operator A_l B:Hy— Hyis compact. Indeed this follows from the fact that B is bounded
and A L. : Hj — Hy is compact. By the Fredholm alternative (see Theorem 4 below), (3.2)
is unlquely solvable for any choice of z € Hy if and only if # = 0 is the unique vector of H
satisfying u — kA;l Bu = 0. When this is the case, the linear operator z —> u defined by
(3.2) is bounded from H, to Hy. Summarizing, we have the following theorem.

Theorem 3 Let (Hy, H, H]) be a Hilbert triplet with Hy compactly embedded in H, let
a(u, v) be a bounded bilinear form on Hy coercive relative to H. Then

ue Hy, a(u,v)=qW) forveH,
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admits a unique solution u for any choice of q € H if and only if it admits a unique solution
u =0 for g =0 in which case the solution u satisfies

lullmy < Cliglla,
with C dependent only on A.

Theorem 4 (Fredholm alternative) Let T be a compact linear operator on a Hilbert space
V' and consider the equations

ueV, u—Tu=/f, 3.3)
veV, v'-—Tv"=g¢g (3.4)

where T* the adjoint operator of T. Then the following alternative holds:

() either there exists a unique solution of (3.3) and (3.4) for any f and g in 'V, or
(ii) the homogeneous equation

u—Tu=0

has nontrivial solutions. In that case the dimension of the null space of I — T is finite
and equals the dimension of the null space N* of I — T*. Furthermore (3.3) and (3.4)
have (non unique) solutions if and only if

(f, U*):O, Yv e N*
and

(g,v) =0, YveN
N being the null space of I — T .

Proof See Yosida [15] (X-§5). 0

4 Solvability and Regularity of the Basic Equation

Theorem 5 Let A be a finite domain in Z¢. If ® satisfies
1. lim |[V®(x)|=o0.
|x|—o00

2. For some M, any 3*® with |a| = M is bounded on R™.
3. Forla| > 1, |0%®(x)| < C,(1 + [V )|*)/2 for some C, > 0.
4. Hess ® > § for some 0 <§ <1,

then for any C*-function g satisfying

ID*g| < Co(1 4+ Zo)™ 4.1
where
L
=5
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a € N2 with some C, and some g, > 0, there exists a unique C*-vector field v solution of

Agv=g—(g)

L2 (4.2)
(U)LZ(MA) =0.

Proof (Existence) We shall work in the unweighted space L?(R”) and with the Witten-
Laplacians ensuing after the unitary transformation. Under the unitary transformation,

Agg)v =g — (g2, In RA
is equivalent to
Wg))u =g inRA
where
u=e*?v and g=e *’(g— (g)Lz(MA)) e LXRY).
Recall that
BL(RY) ={ue L*(R"): Z4,0%u € L*(R™)VI + |a| <k}

where 0%u is taken in the distributional sense in R*.
Denote by B ,,(R*) the closure of Ci°(R*) in Bg,(R*), and let b be the bilinear form
on Bj ,(R*) defined by

b: Bj ,(R") x B) o (R*) > R

with

IV®)? Ad
b(u, w) = Du - Dwdx + — — Juwdx.
RA RA 4 2

Because we have in mind to apply Theorems 3 and 4 above, we need to check boundedness
and coerciveness of b.
Boundedness: After observing that
AP <C(1+ VD2 <Cc+ VP,
it then follows immediately from Cauchy-Schwartz inequality that
[b(u, w)| < ap ”u”B(lp(]RA) ”w”Bé)(RA)

for some constant ¢y > 0.

Coerciveness:
Vo2 Ad
/ |Du|2dx:b(u,u)—/ | | —— ) |u)*dx,
RA ]RA 4 2

AD
/|Du|2dx+/ |Zq>u|2dx:b(u,u)+/ — |ul*dx
RA ]RA RA 2

Ad)? 1
5b(u,u)+g/ (A0) |u|2dx+—/ lul*>dx
RA 4 4e RA
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1
Sb(u,u)—i—Cs/ |Z¢u|2dx+(C8+—>f lu|® dx
RA 48 RA

choosing ¢ such that Ce < 1 and adding fRA |u|>dx on both side of this above inequality,
we immediately get

81l ) < DGt 1) + 7 102 ) 4.3)

for some positive constants § and y.
This shows that the bilinear form b(u, v) is bounded and coercive relative to L>(R%).
Observe that Bj ,,(R*) is densely embedded into L*(R*). Now considering the Hilbert
triplet

(By o (RY), LA(R™), By 4, (RY)), 4.4)

where Bj 4, (R") denote the conjugate space of By (R*).
We need to check that the embedding

Bj o(R™) — L*(R")
is compact. This follows from Lemma 1 by simply observing that
B) o(RY) C Ugy' (H' (1))

and the fact that Uy is a unitary operator.
Let B, be the bilinear form in B& <I>(IRA) defined by

B, (1, w) =b(u, w) +y (u, w)2ga
and
A, 1 B} o(RY) — By L (R™)
be the extended linear operator associated with the bilinear form B,, (u, w). We have

Ayu:Au—i—yéu, 4.5)

where A and B are the bounded bilinear forms associated with b and (-, ) 12 respectively.
Note that the equation

ueBo(RY), Au=gq
is the variational interpretation of the equation
Wfi(,))u =g inR"
By Theorem 2 (Lax-Milgram), the boundedness of B,, and the coercivity condition

B, (u,u) > 8 |lulypa, Vu € By o(RY)

RA)
guarantee that A,, has a bounded inverse

AV Brb(RY) — B) o (RY).
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Now using the fact that
Ayu= Au + yfiu,
we can write the equation
ueB,(RY), Au=gq
as
ueByo(RY, u—yA'Bu=z (4.6)
where

z=A4)'q. .7

As in the preliminary, because the injection
B) (R") — L*(R")

is compact, the operator )/A;] B: B(},q)(RA) — B(},q)(RA) is compact. Moreover, the bound-

edness of yfi}jl B implies that

1B, (4.8)

Let us also point out that the self-adjointness of Ay and B follow from the fact that they are
both associated with symmetric bilinear forms.
Now observe that

ker(I — yAJ' B) Cker A. (4.9)
‘We now claim that
kerA = {se7*2, 8 eR}. (4.10)

Indeed if Au =0, then b(u, u) = 0. Hence

8+V¢
.+ — |u
2

which would imply that u is a solution of the equation

Vo
<8X + T) u=0.

One can then easily see # must be a constant multiple of e . We have in mind to apply
the second part of Theorem 4 (Fredholm alternative). This brings us to check orthogonality

2
=0
L2

—®/2
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of g with ker(I — yA;lé). Let 8 € R,

—0/2 —®/2 ,-/2
<3€ / ’q>L2(RA) = /RA Se P2~/ (g_ (g>L2(MA))
=8((8) 210, = (8),200,) =0- @.11)
Hence using part (ii) of Theorem 4, we conclude that the equation
Au=gq 4.12)

is solvable therefore

APv=g—(g) (4.13)

L2(uh)
is solvable in the weak sense. To complete the proof of Theorem 4, we need to prove that
the L2-solution constructed above is a classical solution.

Regularity: Next, we shall prove that the weak solutions constructed above are actually
classical solutions. The proof is based on the method of difference quotient.

Theorem 6 (B*-regularity) Given q € be_l(RA) for k =0,1,2,..., a solution u €
Bé,q,(RA) of

Au=gq (4.14)

k+1
[

is an element of By (R™) and we have the estimate

el i1 ey < C |:HAM‘ + ||u||3g(RA)] 4.15)

BETI(RA))
forall u € B5T (R%).
Proof We first establish the result when k = 0. We have

(57)
—u,u <
2 12

= Cllullgy @) lull 2a,

U ||M||L2(1RA)

L2(RA)

C
< 6C luly n, + 1 1122 e, - (4.16)

Thus, for u € BOIA’(D(RA),
o Ad
(Au, u> = ”D””iZ(RI\) + (Zéu, ”)LZ - (Tu, u) .
L
> DUl s, + 1 Z0 12, = £C iy ) = 1 00,

Choosing ¢ such that eC < 1, we get

®A)

A 2 2
() = C iy ) = €l
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Hence

012y e, = € (Aueu) + €l o,

N 2
] ot oy 13y + € Wl

Caz 2
== sty CE My e, C il
Again choosing ¢ appropriately (¢C < 1) we finally get
.2
Il gany = € [Au] o+ C el e,

Now assume that for u € B ,(R"), Au=gqe BEH(R™) implies u € BST' (R?) and that

el gt <C[HA ‘ N 1RA))JF||u||B(;§>ORA)]. 4.17)

Suppose now that u € B ,(R"), Au € BE(R™). So we know that u € BS™ (R*) and we
want to establish that u € B5™(R?).

Because

Dl = w e BE(RY),

replacing u by Dl.hu in inequality (4.17) we get

T | L IR L o

d
<cf[ortaun],, s+ 10Dl g, + 1Dy |
where
Vel A
T4 2

Now letting # — 0 and using assumption 3 on & we get

Diu <cC ”Au
” i ||B§)+1(RA) = |: B

é> RA) + ”u”Bﬁ)(RA)) + ”u”BéH(RA):I

it then follows that
Diu € BET'(R™).

It then only remains to prove that Z&™u € L>(R™). To see this first observe that
Z2u=Au+su+ 22 (4.18)
U= S :
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The Laplacian here is taken in the distributional sense. Multiplying by Z% on both sides of
this last equality, we obtain:

. AD
ZEu =ZfDAu+Zf;Au+Z§,Tu. (4.19)

The first term of this equality is in L>(R*) because Au € B§, (R%). That the second terms
also belongs to L*(R™) follows from the fact that D;u € B5™ (R™). Finally to see that the
last term is an element of L?(R*), we use assumption 3 on ® to get that

ACI><C + 272 1/2<C +z (4.20)
2 4 2 e? '
and use the fact that u € B5™ (R™). O

Proposition 3 (C*°-regularity) The weak solution u of Wé,o)u = q is an element of C*®°(R").
The proof of this proposition uses the general Sobolev inequalities theorem given below.

Theorem 7 (General Sobolev inequality) Let U be a bounded open subset of R", with a
C'-boundary. Assume u € WP (U) where

whr Uy :={uelL), (R"):3"ueL? (R") ¥|a| <k}.

loc

If
k> —
p
J A kg
then u € C*715! 1’y(U), where
n M o .
_ []j] +1- > zf; is not an integer,
any positive number < 1, lf% is an integer.

Here C*%(U) is the Holder space consisting of all functions u € C*(U) such that

3Pu(x) —3fu(y) -

lullcka(gy = Z sup}aﬁu(x)| + Z sup b —y°

kxe kX)EU
1Bl= |Bl= Yty

Proof See [6]. O

Proof of Proposition 3 Because ¢ € C*(R”), we have u € Bf (R)Vk, which implies
u e H*(V)(= W52(V))Vk and YV € R™. Now choose k € N such that k > |A|. Then the
theorem above implies that u € C*7 (V) for some 0 < ¥ < 1. Consequently, u € C*(V) for
an arbitrary big enough k and for any V € RA. 0

Now that we have enough smoothness, we can make the following remark which com-
pletes the proof of Theorem 6.
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Remark 2 (End of proof of Theorem 5) A simple integration by parts argument shows that
u is in fact a strong solution. It satisfies

We'u=gq

pointwise almost everywhere. Using the unitary transformation and taking gradient on both
sides of

(0)
A(D V=g — <g>L2(/1A) s
we get

AP Vv =Vg.

If q is a smooth vector field satisfying
[0q| < Cy(1 + Zg)% for some g, > 0, 4.21)

then one can show as above (this time using uniqueness result of the Fredholm alternative)
that the equation

Ag)v =q

has a unique weak solution Ag)Vv = Vg would then imply that two solutions of

o, _
Apv=8—18), A (4.22)
must differ by a constant. Thus the problem
Ag,))v =g — (82>
<U>L2 (uh) =0
has a unique solution. This ends the proof of Theorem 5. O

5 The Kac-like Model

In this section, we propose to illustrate the results above through the study of a more specific
family of classical unbounded spin model related to Statistical Mechanics, given by

2
dD(x):dDA(x):%—i-\IJ(x), x eRA, (5.1)

Here we have used the notation x2 = x - x.

The model that was originally suggested by M. Kac [9] corresponds to the case that W is
given by
Y(x)=-2 Z Incosh | 4/ E (x,- +x<)
L= 2 !
i,jeNi~]
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where B is a small positive constant. This case will be studied in more detail in Sect. 7. In
this section, we will discuss the asymptotic behavior of the solution of the equation

—Av+ VO -Vu=g— (221> i RA
(v) LZ(/LA) = O

when both W and g are compactly supported. Let us mention that these assumptions will be

relaxed later for the purpose of the main result.

Other aspects of this family of potentials are studied in [7] in the one dimensional case.
Under the assumptions

[0°VW| < Cy, Vo eNAL (5.2)
Hess®>6>0, O0<é<l1, (5.3)

one can check that @ satisfies the assumptions 1-4 as required in Theorem 5.
Let g be a smooth function on RT where I is a fixed subset. We shall use the notation

X = (Xi)iex

if ¥ is a proper subset of A and shall also assume that S, = I". Now define the function g
on RA by

gx)=gr), xeR™

If there is no ambiguity we shall identify g with g.
We propose to prove that if in addition to the assumptions above on @, the functions ¥ and
g are compactly supported and g satisfies,

|0°Vg| < C,, VaeN?!

then the solution v of the equation

—Av+Vd - Vv=g — WA
8= (8hzny e (5.4)
(v)LZ(MA) =0
constructed in Sect. 4 satisfies
3*Vu(x) — 0 as |x| — oo, Ya e NI, (5.5)
Recall that under a suitable change of variables, the equation
APv=vVg (5.6)
could be written as
Vo> Ad
—A — —— | ®u+Hess®Pu=q (5.7)
4 2
where
u=¢"*%?Vy and q=e*?Vg. (5.8)
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Let By = Bg,(0) C R denote a large ball centered at zero with radius R, and containing

the support of ¥ in R*. We also consider a ball B, = By, (0) C R' of radius Ry > R;

containing the support of g in R'. The support of g in R* is then contained in the cylinder
B =B, x RM,

Since B contains the support of ¥, in B¢ = R*\ B we have

(—A+% —24Du=0 inB,

5.9
u=g¢ on d B (in the trace sense).
Here ¢ is a C*°-vector field on 9B and m = |A|.
Since the operator
PRI (5.10)
4 2 '

acts diagonally on u, we can work component by component and the situation is reduced to
the scalar case

X2 m 1 c
(—A+% —%+Du=0 inB°, ‘ 5.11)
u=q on dB (in the trace sense).
Having reduced the problem to a Dirichlet type for the Schrodinger operator
Ar S (5.12)
4 2 ’ '

we shall need some results on the decay of eigenfunctions of the corresponding Schrédinger
operator. We need the following lemma:

Lemma 3 The fundamental solution £ € S'(R™) of the operator — A + k*(k > 0) exists and
is unique. It is spherically symmetric, is an element of C*°(R*\{0}) and has the following
asymptotics as |x| — oo:

E(x) = Clx|" TV e (1 + o(1)). (5.13)
In the lemma, S'(R?) denotes the space of tempered distributions on R*.
Proof Consider the equation

(—A+K)Ex) =8,(x). (5.14)

Taking Fourier transform, we get

-

(—A+K2) Ex) = 5,(x) (5.15)
equivalently
(¥ +K) EX) = 2m) ™" (5.16)
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which implies

. (27_[)—711/2
The uniqueness and spherical symmetry follow since
E(x) = Qm) " E). (5.18)

Furthermore, if x # 0, the smoothness of £(x) follows from the regularity theory of the
elliptic equation as discussed above in Sect. 4.

(-A+K)E@) =0 inR*\{0} (5.19)

for x #0 set £(x) = f(r) where f € C®°(R") and r = |x|. (5.19) becomes

-1
—f'(r - mTf’(r)+k2f(r)=0- (5.20)

Set f(r) = a(r)g(r). Plugging this in (5.20) and setting the coefficient of g’(r) equal zero
gives

2 m—1
a +

a=0. (5.21)
Take

m—1

alry=r""72.

Then

f)=r""7 g(r)
and (5.20) takes the form

g"(r) —kz(l—l—O(rlz))g(r):O- (5:22)

Now using classical results on the asymptotics of the solutions of the Schrédinger operator
(see [4]), we discover that

g+ (r)=Ce* (14 0(1)). (5.23)
Hence the asymptotics of the solutions of (5.20) are
m—1
fe(r)=Cr= 2 e (1 +o(1)). (5.24)

Since £(x) = f(]x]) € S'(R"), we conclude that f = f_ and the result follows. O

Theorem 8 Let Q be any exterior domain in R® containing a neighborhood of infinity with
smooth internal boundary. Let the potential V (x) € C*(2) and satisfy

lim infV(x)> E (5.25)

|x|—>o00
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and let ¢ be a smooth solution of the problem

A+ V&x)e=Arp ing,

(5.26)
p=1Y on 092
where A < E and ¢ is a smooth function on 0S2. Then the following estimate holds:
()| < CeemViaTAmoI/2H (5.27)

forany ¢ > 0.
The proof of this theorem uses the following lemma.

Lemma 4 (A maximum principle) Let k > 0, ¥ an open subset of R®, and u € C*(X) a
Sfunction such that

(-A+K)u=f<0 inx. (5.28)
Then u cannot have a positive maximum in X.
Proof If xo € X is a maximum point and u(xp) > 0, then
Au(xp) <0, (5.29)

this contradicts (5.28). d

Proof of Theorem 8 Let ¢ be a real solution of the equation

Hp=1p ing, (5.30)
where
H=—-A+V().
We obviously have
A (¢%) =2A¢ - p+2|Vg|? (5.31)

Hyp =L gives —Agp = (L — V(x))p which implies
A(@)=2(—V(x) ¢’ —2|Ve| (5.32)
adding 2(b — A)¢? on both sides of this equality, we obtain
[—A+2(b — W] ¢* = =2(V(x) = b) 9> = 2|Vop[*. (5.33)

Choosing A < b < E the right hand side of (5.33) is non-positive for |x| large enough. Now
set

u(x) = @*(x) — ME(x) (5.34)

where £(x) is the fundamental solution of the operator —A + k? with
k=+2(0b—M\). (5.35)
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Choose R so large_that E(x) > 0and V(x) > b for |x| > R. Now choose M so large that
u(x) <0on {x € Q:|x| = R}. We shall prove that

ux) <0 (5.36)

on {x € Q: |x| = R} from which the theorem will follow. Substracting from (5.33) the
equation

[-A+2(b —A)]IME(x) =0, (5.37)
we find that (5.28) is satisfied for u(x) with

f==2(V(x)=b)g>—2|Vg|*, for |x|>R. (5.38)
We then apply the maximum principle in each connected component of the subset
Qr,={reQ:R=<|x|<p} (5.39)
to the function
u®(x) Z/u(x —Vne(y)dy (5.40)
where 7, (x) = 8*’"n(§) and 7 (x) is the mollifier. Recall that n(x) is given by
n(x) = ie(]b) if x| S. 1,
0 otherwise.
We indeed have
(—A+k2)ue=f8=ff(x—y)ns(y)dyso (5.41)
u € L'(R") implies that u®(x) — 0 as |x| — oo. Set

M,(e)= max |u®(x)] (5.42)

{xeﬁ:lxl:p}

since u(x) < 0 for x € {x € Q: |x| = R}, using the fact that u®(x) = u(x) as ¢ > 0 on
{x € Q:|x| = R}, we conclude that u°(x) < 0 on {x € Q: |x| = R} for small ¢. It then
follows from Lemma 4 that

uf(x) <M,(e) forx e Qg,. (5.43)
Letting p — oo, we get
ut(x) <0 forx e Qand |x| > R. (5.44)
Now since
u*(x) = u(x) ase—0 (5.45)

in every relatively compact subset of {x € : |x| > R}, it follows that
u(x) <0 forxe{xeQ:|x|>R}. (5.46)

O
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Corollary 2 If V(x) — oo as |x| — 00, then for any eigenfunction ¢ of the boundary value
problem in Theorem 8 satisfies, the following estimate

lp(x)] < Coe M (5.47)
where a > 0 is arbitrary and C, > 0.

Theorem 9 (Helffer-Sjostrand [7]) The L>-solution u of

2 _m —0 inB°
) (—A+7 >+ Du=0 inB", (5.48)
u=g¢ on B (in the trace sense)
satisfies
XZ
u(x)=e 4 |x|""*h(x) (5.49)
where
Fhx)=0(x|"""y VB eN". (5.50)

Using the change of variable v = ¢®/?u and applying this theorem to each component
of u, we obtain

Corollary 3 The L>-solution v of the system

(—A+V® -V)v+Hessdv=Vg inRA (5.51)
satisfies
| l‘im %v(x) =0 VaeN". (5.52)
X [— 00

Proof of Theorem 9 (Sj6strand [11]) Denote by
K :C®(@B) — C™(B°) (5.53)

the operator that assigns each boundary value the corresponding solution. Since by Theo-
rem 8
lim u(x) =0, (5.54)
|x|—>o00
the maximum principle implies that K is monotone increasing. Indeed, Kg > 0 whenever
g > 0. This implies that the operator K is increasing and that Kg < supg, if supg > 0,
Kg=>infgifinfg <0. Let

uyp=K1(=0) (5.55)
which is a radial function i.e.
uo(x) = uo(|x1), (5.56)
with
2 m—1 2 m
-0, —|—— )0+ ——=+1|ug(r)=0, up(R)=1. (5.57)
r 4 2
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We perform the Liouville’s transformation
ug=r"""D2f(r) (5.58)
to get rid of the term involving d,. We finally get

2 — —
[—af + rz - W Y1- %} F(=0, f(R)=R"V2 (559

which we write in the form

[+ VO] f =5 F@) f(R)=R"DP, (5.60)

where
V(r):é—%—f—l—)oo asr — oQ. (5.61)

Since

® VP /°° V()P
——————dr <oo and ————dr < oo for some large ry. (5.62)
/ro [V (r)]3/? o V()2

Classical results on Schrodinger operators (see [1]) allow us to get the asymptotics of f(r)
as following:

r

fi(r)=Cr2eX7 (1 4+ 0(1)). (5.63)

Now since ug — 0 as r — 0o, we conclude that

fr)y=£-(r) :Cr’l/ze_é(l +o(1)). (5.64)
Hence
uo(r) =Cr*%e*§(1 +o(1)) > 0. (5.65)
Next, we write
u(x) = jxuo(r). (5.66)

Let g € C*°(0 B) be strictly positive everywhere and let
u=Kg. (5.67)

Denote by gmin = inf g and gn.x = sup g. We obviously have

Emin0 S u S EmaxU0- (568)
Hence,
. u(x)
Jjx)= (5.69)
ug(x)
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is bounded. Next, we perform a change in polar coordinates (r, #) by setting x = r6. Under
this change of coordinates, the operator

2

A+ -2y (5.70)
4 2 '
becomes
2 m—1 2 m 5
—0- — O+———+1—-r—Ay (5.7
r 4 2

where Ay is the Laplace-Beltrami operator on S”~!. Since the operator —A + % -5+1
is rotationally invariant and 97 u takes continuously the value 95 g on 9 B, using the fact that
each dgu arises as infinitesimal rotation, we conclude that for every o, 95'u is a solution of
the boundary value problem (E) (under the change of coordinates) with

dyu=1095g ondB. (5.72)
Therefore,
r2
dPu=0()e 4, VaeN", (5.73)
which implies
9 j=0(), YaeN" (5.74)

Now we need to control some radial derivative of j. In polar coordinates, we have

2 m—1 2 om 5
-0, — 0+ ———=+1—r"“"Ag|upg(r)=0. (5.75)
r 4 2
Write
-1 2
[—83 - (m ) o+ S +l- r—zAg] JrOuo(r)=0.  (5.76)
r

Using (5.57) and the product rule of differentiation, (5.76) becomes

) 0,Ug m—1 . I
9, + (2 + o | J=—r""Agyj. 5.77)
IZ0) r
Here
¥ (r?0ej)=0G"", VYaeN", (5.78)
and
0,-Ug r 1
=—=4+0|-). (5.79)
IZ0) 2 r

Thus, (5.77) can be written as

[32+[—r+0<1>]a] =00 (5.80)
; " - J = . .
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Let
|
(p(r):r+0<—>. (5.81)
r
We have
[8, — f()]8,j = 0G7). (5.82)
Let
F(r)= / f()dt ~r?. (5.83)
1
Solving (5.82), we get
oo
3, j=— / eFOFOTo(s™) ] ds + Ce™ ™. (5.84)
Since
F(r)— F(s)~r*—s*<2r(r—s) fors>r, (5.85)
d,j cannot tend to 0o when r — 0o, we conclude that C =0 and
o0
3 j= —/ FOFOTo(s™)]ds = 0 7?). (5.86)
More generally, since 95 j is a solution of (5.82) with right hand side
—r 7298 (8g ) = 0 7?), (5.87)
using the same argument as above with j replaced by 95 j, we have
8,95 j = 00™). (5.88)
Now differentiating
[0, — f(N]B.35j =0G) (5.89)
with respect to r, we get
[8, — f(0]8795 ) = 00, (5.90)
using again the same argument as before, we get
Pogj=0@0"" (5.91)
continuing this way, we finally get
Fogji=00*" k=1,2,.... (5.92)
Going back to x-coordinates, we get
3j(x)=0(x|™"), VaeN" a£0. (5.93)
]
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6 Weighted Estimates for the Decay of Correlation

In this section, we propose to get estimates suitable for obtaining the decay of the correlation
functions. We shall first analyze the case where W and the source term g are compactly
supported

6.1 The Compactly Supported Case

We shall assume that ® is given by

2
<I>(x)=<DA(x)=%+\IJ(x), x € RA, 6.1)

where

[9°VW¥| < C,, VoeNAI
(6.2)
Hess ®(x) >§ forsome0 <4 < 1.

Again g will denote a smooth function on RT with lattice support S, = I'. We shall identify
g with g defined on R* and shall assume that

|0°Vg| <C, VaeNT (6.3)

In addition, we shall momentarily assume that ¥ is compactly supported in R* and g is
compactly supported in R! but these assumptions will be relaxed later on.
Assume also that there exists §y € (0, 1) such that

M~"Hess ®(x)M >3, (in the sense of (1.11)) (6.4)

where M 1is the diagonal matrix

_ 4G, S,
M= ((Sije" g>)i,j€A
for some x > 0. Define
12
[, 1= (Zp(i)2x3> :
ieA

Let f be the solution of the equation

L2y’

—Af+V®-Vf=g—(g)
<f>L2([LA) :0.

Let t; = (#;); € R*. We have

(VIVO-V ), 1) =Y (fu Punli + Py, fro k)

i.keA

= (Vf,Hess®t;) + VO -V (V[ 11). (6.5)
On the other hand,

(VA . n)=AVfn).
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We therefore have
(Vg.1)=(V® -V — A)(Vfi1) + (V. Hess Dry) . (6.6)
Because V f(x) — 0 as |x| — oo, we consider a point x( at which
12
V), = (Zp(i)zf; (x))
ieA
is maximal. If M is the diagonal matrix
M = (8;;p(i))

we have

(Vg,Mt;) = (VO -V — A)(Vf, Mt;) + (V f,Hess ®Mt,) . 6.7)

Now choose

= (ﬂ(i)fxi (XO))ieA :

We need the following lemma.

Lemma S Under the assumptions and notations above, the function
x = (V f(x), Mty)
achieves its maximum value at x.

Proof Let

$(x) =(V[f(x), M) (6.8)
and

7(x)=IVfl3,. (6.9)

Again by the maximum principle, the function ¢ (x) achieves its maximum at some xo € R*.
It is easy to see that xg is a critical point for ¢ (x). Moreover, for any a € R, we have
(a,Hessm(xp)a)
=2 (a, Hess{ (xo)a) +2) <Z oo, (%0) frng (xo>p<i)2)ajak
koS

2
=2(a,Hess¢(xo)a) +2)_ p(i)’ (Z Frox; (xo)> : (6.10)

i j

Because {a, Hess (xp)a) < 0, we must have (a, Hess ¢ (xg)a) < 0 for any a € R*. Thus, x
is a local maximum for ¢ (x). Moreover, on one hand, we have

£ (x0) = & (x0) = 7 (x0). 6.11)
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One the other hand, Cauchy-Schwartz gives
¢ (%) < [ (%o)]"? [ (x0)]'?
< m(xp). (6.12)
These last two above inequalities imply
¢ (%) = £ (x0) (6.13)
and the result follows. 0
Now using Lemma 5 above, we have
(VO -V = A)(V f(xo), Mty) > 0.
This, then implies
(Vg(xo), Mll) > (Vf(X()), Hess qD(X())Ml‘])
= (MV f(xo), M~" Hess ® (xo) M1,)
= <l| X M~ Hess CD(X())MZ])
>80 IV f(x0)l5, -
Thus
) 1
IV f(xo)l3, < " (MVg(xo), 1)
0
1
=+ MV gV f(x0)ls,, -
0
We have almost proved the following proposition.
Proposition 4 Let g be a smooth function satisfying
|0*Vg| <C, VaeNT! (6.14)

and ® = % + W(x) satisfies (1.9)—(1.11). Assume also that both g and ¥ are compactly

supported as above. If f is the unique C*°-solution of the equation

—Af+VO-Vf=g—(g)
(Fr2gay =0,

L2uh)’

then

Y et <C vxeR
ieA

C and k are positive constants. C that could possibly depend on the size of the support of g

but does not depend on A and f.
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Proof 1f
IV f(xo)l,,=0 (6.15)

there is nothing to prove otherwise we have

1/2 1
(Z 12 (xo)Pz(i)> =% (Z g2 (xo)p (,>)

ieA ieA

1 4 172
- (e

i€Sg

51 (Z g, (X0)>

i€Sy

172

and the result follows. |

Corollary 4 Let g and h be smooth functions on R', and R where T and T’ & A with
' T = & denote respectively the support of g and h and assume that g and h satisfy (1.10).
Then under the assumptions of Proposition 4, we have

[cov(g, h)| < Ce 4GS0 (6.16)

where C and k are positive constants that do not depend on A, but possibly dependent on
the size of the supports of g and h.

6.2 Relaxing the Compact Support Assumptions

We propose now to relax the assumptions of compact support made previously on W and g.
As before, let M be the diagonal matrix

M = (8;p(i))
where p is given by
p (i) = <05 (6.17)
and
M~'Hess ®(x)M =8, for some 0 < 8y < 1 in the sense of (1.11) (6.18)

for every M as above. Next, we propose to generalize the results in Proposition 4 without
the assumptions of compact support on W and g by means of a family of cutoff functions.
Let us introduce as in [7] a family cutoff functions

(e €10, 1]) in C5°(R) with value in [0, 1] such that

Ix®@®)|<Cix forkeN.

1|

iXZI for |t| <& !,
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We could take for instance
Xe (1) = f(elnlt])
for a suitable f. We then introduce
W (x) = x:(IxD¥, xeR" (6.20)

and

g (x) = x:(IxDg. xeR". (6.21)
Recall that

—Af4+VD.-Vf=g— (g)szA) (6.22)
which implies
(—A+VD-V)RQv+ Hessdv=Vg (6.23)
where
v=V/f.
Under the transformations
v=e"®?u and q=e%?vg
we have
(—A+|Vf|2 - %) ®Iu+HessPu=q inR™*. (6.24)

We first verify that the assumptions on W and g are satisfied by W, (x) and g.(x). Namely

|0°VW| < C,, VoaeN? (6.25)
|0°Vg| < Cq, Vo e NIAL (6.26)

and
M~ 'Hess®M >68,>0, 0<d<1 (6.27)

M shall still denote the diagonal matrix
M= (&-jp(i))i,je,\

where p is a weight function on R? satisfying

e < P (i.) <eé*, ifi ~ j for some A > 0. (6.28)
0]
Using
M~ 'Hess WM > 8, — 1,
we obtain immediately
M~"Hess W, (x)M > (8 — 1) x:(|x]) — Ce (6.29)
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for all € and some constant C. To see this, let us first write

Xe=x and r = |x|

so that
W (x) = x (r)¥(x),
10(]) 110(.]) -xixj M#
o Yo = 1 gy (1R OV LTI o
p(j)x; , o)
- N \le- XX
20) rx(r) ;t+ ()x() -
Leta € RA,
(M~'Hess W, (x)Ma, a)
1
:(; Xi:a?—— f)((]))a,ajx xj))(’(r)\ll
oy Zp(j)a,a,x,x,+— ()meaa,xj%,
X <>Z”(”a,a w,.,
—2“7 X' V@) —a® [x" (V)| —C|x'(r)|a*+ @S — D x(r)a®
> [(6o — D) x(r) —eCla®
‘We conclude that

M~'Hess W, (x)M > (8o — 1) x(r) — eC

forall € > 0.
It follows that

M~" Hess @, (x)M > 8§, — Ce. (6.30)
Now with §; replaced by §, = 8y — Ce, we see that

M™"Hess @, (x)M > &), 0<8) <1 (6.31)

for ¢ small enough. (Notice that ¢ is possibly A-depend.) It remains to check the assump-
tions on g, and V.. To see that

10°Vge| < C 4 Ogn(e), VoaeNT (6.32)
we have

ge(x) = xe(Ng(x), xeR.
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Again let || > 1, using Leibniz’s formula, we have

AR (g)aﬂxxr)a“-ﬁg

B=<a

=10%g| + 120" xe (NI + Y (Z) |07 xe(r)3* Pl
B<a

0

With the assumption g(0) =0, we write

1
lg o)l 5/ > lxigy, (sx)|ds
0

JEA
1 1/2 1/2
<[ (Z9) (Do) o
< C,r (6.33)

again using the fact that

ro% xe(r) = Oq(e),

we get
10 X ()] = Og, 4 (8). (6.34)
Observe also that
o
> ( ﬂ) |08 % (r)8° P g| = Ou(e) (6.35)
B<a
B#0

it then immediately follows from the assumption on g that

0Vge| < Co + Ounle), YaeNT (6.36)
Similarly, one can prove that

|0°VW,| < Cy + Oy n(e), YaeNA, (6.37)

Thus W, and g, are compactly supported and satisfy all the conditions that were previously
required on W and g. If u, denotes the family of solutions corresponding to the family
of data ., and g, one can see that u, converges to u in C*. The proof which based on
regularity estimates is given in detail in [7]. Consequently, the family of solution v, = e®cu,
converges to v in C*.

Proposition 5 If g(0) =0, then Proposition 4 holds without the assumptions of compact
support on V and g.

Proof Using Proposition 4 we have

12
(Z 2 (x)ez“’(i'sg)> <C|S;|"* +On(e) VxeRA,

ieA
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The result follows by taking the limit as ¢ — 0. ]
Corollary S If g = x; and h = x; we get

|Cor (i, j)| < Ce ™40,

7 The d-Dimensional Kac Model

An example of a non-quadratic model satisfying the assumptions above is given by
dD(x):x—z—ZZlncosh \/E(x—i—x»)
2 & 2

with 8 > 0 small enough.
Let us now verify that

D(x) = ﬁ —ZZlncoeh |:,/ E (x- +x~)i|
A 2 L b 2 i J
i~j

satisfies the required assumptions,

. Z \/gsinh[\/g(xi +x;)]

\Ijx,- = s
joj~i cosh[\/g(x,-—i—xj)]
-8y ——— ifk=i,
e coshz[\/g(xi+xj-)]
v, =3 -—3B8 if k ~1,
itk cosh? [\/g(x,- +x1)]
0 otherwise.

It then follows that

P
2

|y, | < 248,
and
Wy | =B ifk~i.

Similarly, using the properties of cosh and sinh and the fact that sinh¢ < cosht for all ¢
one can see that all derivatives of order greater than or equal to one are bounded. Now we
propose to check that for g small enough, the Kac Hamiltonian satisfies

M~ "Hess ®(x)M > 8

for some §y € (0, 1) and M as above.
We need the following lemma.
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Lemma 6 (Schur’s lemma—the R and C bound) For each rectangular array

(C[J)1<l<m
1<j<n

and each pair of sequence (x;)1<j<m and (y;)1<j<n we have the bound

m n

DY ey

i=1 j=1

< VRC (lerlz)m(iryjf)m

j=1

where R and C are the row sum and column sum maxima defined by

n m

R:miaxZ}c,-j| and C:mj?lXZ|cij|~

j=1 i=1

This bound is known as Schur’s lemma, but, ironically, it may be the second most fa-
mous result with this name. The Schur’s decomposition lemma for n x n matrices is also
known under this name. Nevertheless, this inequality is surely the single most commonly
used tool for estimating a quadratic form. Going back to the example, we have for any
a=(a;)ien € RA,

(M~'Hess ®Ma, a)

O]
= lXJ: CDXin %aiaj
_Zq)ll,al +Z x,x] IO() laj

i~j
p(l)

>(1-2dp)a” + ) W, Tk

I"‘j

Now using the Schur’s lemma above, we have

ZKIJ p(l)aa, _Z’ Xixj p((l)) aiaj

i~j

<+RCa?
where

p3)
R = maxz ’ ix; ,o(])

and

p(l)
comp et

@ Springer



394

A.Lo

To estimate R, observe that

i i
> ‘\p& =W |+ D Wi, GOk
, o) — ()
J Jij~
Now using the fact that
e"‘f&fe’( ifi ~j
()
we have
> ’\Uxix,. i’,) <2dB +2dBe~.
I ()
Hence

R=<2dB(1+¢).
Similarly, we have
C<2dp(1l+e).
Thus,
(M~"Hess ®Ma, a) > [(1 —2dB) — 2dB (1 + )] a*
=[1-2dB 2+ e")]d’.

The result follows for 8 <
Hence, if

1
2d(2+e¥) "

8 1
< —
4d

there exists k > 0 such that M~ Hess ®M > &, with 0 < §, < 1.

7.1 Physical Implications of the Result

The Kac model

x? B
@(x)ZT—ZZlncosh E(xi_q_xj)

i~j

is a mean field model introduced by Marc Kac [9] in an effort to study rigorously certain
problems of phase transition and in particular to justify the van der Waals theory of liquid-
vapor transition. The exact model is analogous to the two dimensional Ising model and

constructed as follows:
Let J be an even positive Lipschitz function satisfying

/ J(r)ydr =2.
R

Define the family {J, }, ¢ by

VreR, J,@)=yJ(yr).
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The choice made by Kac in [9] consisted of
Jr)y=e.
For a fixed y > 0, one defines an interaction potential J, on Z? x Z? by
Iy Lk D)= 0, (k= )T (1.])
with
~ 1
TUD =8+ 5 (S0 +81)

Here §; ; is the Kronecker delta function.
Let A be a finite subset of Z?; the Hamiltonian of the configuration o5 = (0;)iep €
{—1, 1}* with boundary condition oxc = (;);eac is given by

1
Hyy (Onfor) ==3 D G poioy = 3 Ty, oio;.

ijen i€, jeAe
Kac showed in [9] that when
Jr)y=e,
this model may be studied through the transfer operator

1 1
m__ —5 xX) YAm ,—5 x)
Ky — ¢ 2V oV Bm o= 374 ,

where

1 Y\ v N [vB
yq(x):itanh (3>;x2—;logcosh 7(x,-+x,-+1) ,

with the convention x,,,; = x;. He proved that when y approaches 0, the behavior of the
system only depends on the Kac potential

m 2 m
q(x) = Z % — Zlogcosh |:\/§ (x; +Xi+1):| .

i=1 i=1

Thus by reducing the two dimensional problem into a one dimensional problem, M. Kac

showed that the critical temperature occurs at 8, = %.

Our method allows the study of higher dimensional cases in the mean field approxima-
tion. We in fact proved the exponential decay of the two-point correlation function for the
higher dimensional mean field model when g < 8, = ﬁ. This justifies the existence of a

single phase when 8 < B, = ﬁ. The expansion of this method to include the study of multi-

ple phases is more difficult and is a subject of current investigation. However, knowing that

in the 1 4 1 dimensional case the critical point of the exact model occurs at 8, = i, we may

— 4

conjecture that in the d 4 1 dimensional case, the critical point is at 8, = ﬁ.
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